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Summary

Weintroducesomeearlyconsiderationsofphysical andmathematicalimpossibilityas
preludestoGödel’sincompletenesstheorems.Wecon sidersomeinformalaspectsof
thesetheoremsandtheirunderlyingassumptionsand discusssometheresponsestothese
theoremsbythoseseekingtodrawconclusionsfrom themaboutthecompletabilityof
theoriesofphysics.Wearguethatthereisnoreas ontoexpectGödelincompletenessto
handicapthesearchforadescriptionofthelawso fNature,butwedoexpectittolimit
whatwecanpredictabouttheoutcomesofthoselaw s,andexamplesaregiven.We
discussthe'Gödeluniverse',asolutionofEinstei n'sequationsdescribingarotating
universewheretimetravelispossible,whichwasd iscoveredbyGödelin1949,andthe
roleitplayedinexposingthefullspectrumofpos sibilitiesthataglobalunderstandingof
space-timewouldreveal.Finally,weshowhowrecen tstudiesofsupertaskshaveshown
howglobalspace-timestructuredeterminestheulti matecapabilityofcomputational
deviceswithinthem.
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1: SomeHistorical  Background

PhysicalImpossibilities
 Thereisalonghistoryofscientificandphil osophicalconsiderationofphysical
impossibilities1.TheAristotelianworldviewoutlawedthepossibili tythatphysical
infinitiesorlocalphysicalvacuacouldbecreated orobserved 2.DuringtheMiddleAges,
physicistsdevisedingeniousthoughtexperimentsto trytoimaginehowNaturecouldbe
‘tricked’intoallowinganinstantaneousvacuumto form,andthenarguingabouthowthis
possibilitywasstoppedfromoccurringbynaturalp rocessesor,ifthatfailed,bythe
invocationofaCosmicCensor,topreventitsappea rance3.Chemistryhaditsown
ongoingalchemicaldebateaboutthepossibilityor impossibilityofmakinggoldfrom
basermetals,andengineeringmaintainedanendurin gattachmenttothequestfora
perpetualmotionmachinesthatonlyfullyabatedwh entheconsequencesoflawsof
thermodynamicsweresystematicallyunderstooddurin gthenineteenthcentury.Subtle
examples,likeMaxwell’ssortingdemon,stillremai neduntiltheywereeventuallyfully
exorcisedbytheapplicationofthemodernthermody namictheoryofcomputationin
19614.

MathematicalImpossibilities
   Mathematiciansalsooccasionallyconsidere dthequestionofimpossibilityinthe
contextofaseveralfundamentalproblemsofarithm etic,geometry,andalgebra.
Supposedly,inabout550BC,thePythagoreansfirst encounteredthe‘irrationality’of
numberslike √2whichcannotbeexpressedastheratiooftwoint egers(‘irrational’
originallymeaningsimply'notaratio',rathertha nbeyondreason,asmightbesuggested
today).5.Legendhasitthatthisdiscoverywassuchascan dal,thatthediscoverer,
Hippasos,wasdrownedbythemembersofthePythago reanbrotherhoodforhistrouble.
Thisgivesusthefirstglimpseofoperationsandq uestionswhichhavenoanswersgivena
particularsetofrules.Inthefirstquarterofth e19 th century,theproblemoffindingan
explicitformforthesolutionofageneralquintic algebraicequationintermsofits
coefficientswasprovedtohavenosolutioninvolvi ngordinaryarithmeticoperationsand
radicalsbytheyoungNorwegianmathematician,Henr ikAbel 6.Unlikethecaseof
quadratic,cubic,orquarticequations,thegeneral quinticcannotbesolvedbyanyexact
formula.Justafewyearslater,in1837,rigorous proofsweregiventhatanangleof60
degreescouldnotbetrisectedjustbyuseofastr aightedgeandpairofcompasses.These
examplesrevealedforthefirsttime,tothosewho lookedatthemintherightway,some
hintsastothelimitationsofparticularaxiomatic systems.
InthelightoftheongoingimpactofGödel’swork onspeculationsaboutthe
limitationsofthehumanmind,itisinterestingto reflectbrieflyonthesociologicaland
psychologicaleffectsofsomeoftheseearlyresult s.Theexistenceofirrationalnumbers
wasofthedeepestconcerntothePythagoreans;how ever,asfaraswecanjudge,there
werenodeepphilosophicalquestionsaboutthelimi tationsofmathematicalreasoning
raisedbythedemonstrationthatthequinticcould notbesolved.Yet,therewasachange.
Previously,thereweremanythingsthoughtimpossib lethatcouldnotbesoproven
despitemanyeffortstodoso.Butnowtherewerep roofsthatsomethingcouldnotbe
done.
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Axiomatics
  Thedevelopmentofunderstandingofwhatconstructi onsandproofscouldbecarried
outbylimitedmeans,suchasrulerandcompasscon struction,orusingonlyarithmetic
operationsandradicals,showedthataxiomsmattere d.Thepowerandscopeofasystem
ofaxiomsdeterminedwhatitsallowedrulesofreas oningcouldencompass.
 Untilthe19 th century,thearchetypalaxiomaticsystemwasthat ofEuclidean
geometry.Butitimportanttoappreciatethatthis systemwasnotthenviewed,asitis
today,asjustoneamongmanyaxiomaticpossibiliti es.Euclideangeometrywashowthe
worldreallywas.Itwaspartoftheabsolutetruth abouttheUniverse.Thisgaveita
specialstatusanditsconstructionsandelucidatio n,largelyunchangedformorethan2000
years,providedastylethatwasapedbymanyworks ofphilosophyandtheology.The
widespreadbeliefinitsabsolutetruthprovidedan importantcornerstoneforthebeliefsof
theologiansandphilosophersthathumanreasoncoul dgraspsomethingoftheultimate
natureofthings.Ifchallengedthatthiswasbeyon dthepowerofourmindstopenetrate,
theycouldalwayspointtoEuclideangeometryasa concreteexampleofhowandwhere
thistypeofinsightintotheultimatenatureofth ingshadalreadybeenpossible.Asa
result,thediscoveries,byBolyai,Lobachevskii,G auss,andRiemann,thatother
geometriesexisted,butinwhichEuclid’sparallel postulatewasnotincluded,hadamajor
impactoutsideofmathematics 7.Theexistenceofotherlogicallyconsistentgeome tries
meantthatEuclid’sgeometrywasnot thetruth:itwassimplyamodelforsomepartsof
thetruth.Asaresult,newformsofrelativismspr angup,nourishedbythedemonstration
thatevenEuclid’sancientfoundationalsystemwas merelyoneofmanypossible
geometries–andindeedoneofthesealternativesw asafarmoreappropriatemodelfor
describingthegeometryoftheEarth’ssurfacethan Euclid’s.Curiousbooksappeared
aboutnon-Euclideanmodelsofgovernmentandeconom ics.‘Non-Euclidean’becamea
bywordfornewandrelativetruth,theverylatest intellectualfashion 8.Later,newlogics
wouldbecreatedaswell,bychangingtheaxiomsof theclassicallogicalsystemthat
Aristotlehaddefined.
  Outofthesestudiesemergedadeeperapprec iationoftheneedforaxiomstobe
consistentlydefinedandclearlystated.Thetradit ionalrealistviewofmathematicsasa
descriptionofhowtheworld‘was’hadtobesupers ededbyamoresophisticatedview
thatrecognisedmathematicstobeanunlimitedsyst emofpatternswhicharisefromthe
infinitenumberofpossibleaxiomaticsystemsthat canbedefined.Someofthose
patternsappeartobemadeuseofinNature,butmo starenot.Mathematicalsystemslike
Euclideangeometryhadbeenassumedtobepartoft heabsolutetruthabouttheworld
anduniquelyrelatedtoreality.Butthedevelopmen tofnon-Euclideangeometriesand
non-standardlogicsmeantthatmathematicalexisten cenowmeantnothingmorethan
logicalself-consistency(ieitmustnotbepossibl etoprovethat0=1).Itnolongerhad
anynecessaryrequirementofphysicalexistence.

Hilbert’sprogramme
  Thecarefulstudyofaxiomaticsystemsrevealedtha tevenEuclid’sbeautiful
developmentofplanegeometrymadeuseofunstated axioms.In1882,MoritzPasch
gaveaverysimpleexampleofanintuitively‘obvio us’propertyofpointsandlinesthat
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couldnotbeprovedfromEuclid’sclassicalaxioms 9.IfthepointsA,B,C,andDlieona
straightlinesuchthatBliesbetweenAandCand CliesbetweenBandDthenitisnot
possibletoprovethatBliesbetweenAandD.The pictureofthesetupmadeitappear
inevitablebutthatisnotasubstituteforaproof .

_____________________________
             A     B      C     D

Paschwantedtodistinguishbetweenthelogicalcon sequencesoftheaxiomsofgeometry
andthosepropertiesthatwejustassumedwereintu itivelytrue.Forhim,mathematical
argumentationshouldnotdependonanyphysicalint erpretationorvisualisationofthe
quantitiesinvolved.Hewasconcernedthataxiomati csystemsshouldbecompleteand
hasbeendescribedas'thefatherofrigoringeome try'byFreudenthal 10.
  DavidHilbert,thegreatestmathematicianof theday,felttheinfluence  ofPasch’s
writingsbothdirectlyandthroughtheireffectson Peano'swork 11 from1882to1899,and
beganasystematicprogrammein1899toplacemathe maticsuponaformalaxiomatic
footing12.Thiswasanewemphasis,conveyedbyHilbert'sre markthatinmathematics
'Onemustbeabletosay..--insteadofpoints,s traightlinesandplanes--tables,chairs,
andbeermugs' 13.Hebelievedthatitwouldbepossibletodetermin etheaxioms
underlyingeachpartofmathematics(andhenceoft hewhole),demonstratethatthese
axiomsareself-consistent,andthenshowthatthe resultingsystemofstatementsand
deductionsformedfromtheseaxiomsisbothcomplet eanddecidable.Moreprecisely,a
systemis consistent ifwecannotprovethatastatementSanditsnega tion, ∼S,areboth
truetheorems.Itis completeifforeverystatementSwecanforminitslangua ge,eitherS
oritsnegation, ∼Sisatruetheorem.Itis decidableifforeverystatementSthatcanbe
formedinitslanguage,wecanprovewhetherSist rueorfalse.Thus,ifasystemis
decidableitmustbecomplete.
 Hilbert’sformalisticvisionofmathematicswa sofatightwebofdeductionsspreading
outwithimpeccablelogicalconnectionsfromthede finingaxioms.Indeed,mathematics
was definedtobethecollectionofallthosedeductions.Hilb ertsetouttocompletethis
formalisationofmathematicswiththehelpofother s,andbelievedthatitwould
ultimatelybepossibletoextenditsscopetoinclu descienceslikephysics 14 whichwere
builtuponappliedmathematics.HebeganwithEucli deangeometryandsucceededin
placingitonarigorousaxiomaticbasis.Hisprogr ammethenimaginedstrengtheningthe
systembyaddingadditionalaxioms,showingateach stepthatconsistencyand
decidabilityremained,untileventuallythesystem hadbecomelargeenoughto
encompassthewholeofarithmetic.
  Hilbert’sprogrammebeganconfidentlyandhe believedthatitwouldjustbeamatter
oftimebeforeallofmathematicswascorralledwit hinitsformalisticweb.Alas,the
worldwassoonturneduponitsheadbytheyoungKu rtGödel.Gödelhadcompletedone
oftheearlystepsinHilbert’sprogrammeasparto fhisdoctoralthesis,byprovingthe
consistencyandcompletenessof1 st-orderlogic(laterAlonzoChurchandAlanTuring
wouldshowthatitwasnotdecidable).Butthenext stepsthathetookhaveensuredhis
fameasthegreatestlogicianofmoderntimes.Far fromextendingHilbert’sprogramme
toachieveitskeyobjective–aproofofthecompl etenessofarithmetic–Gödelproved
thatanysystemrichenoughtocontainarithmeticm ustbeincompleteandundecidable.
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Thistookalmosteveryonebysurprise,includingJo hnvonNeumann,whowaspresentat
theconferenceinKönigsberg(Hilbert’shometown) on7 th September1930whenGödel
brieflycommunicatedhisresults,andquicklyappre ciatedthem--evenextendingthem,
onlytofindthatGödelhadalreadymadetheextens ioninaseparatepaper--andPaul
Finsler(whotriedunsuccessfullytoconvinceGödel thathehaddiscoveredtheseresults
beforehim),andeffectivelykilledHilbert’sprogr ammewithonestroke.

Theory IsitConsistent? IsitComplete?

IsitDecidable?

Propositional
calculus
Yes

Yes

Yes

Euclidean
geometry
Yes

Yes

Yes

1st orderlogic Yes

Yes

No

Arithmetic
(+,-)only
Yes

Yes

Yes

Arithmetic
Infull(+,-, ×,÷)
?? No

No


Table1:Summaryoftheresultsestablishedaboutt heconsistency,completeness,and
decidabilityofsimplelogicalsystems.

2:SomeMathematicalJujitsu


TheOptimistsandthePessimists
 Gödel'smonumentaldemonstration,thatsystem sofmathematicshavelimits,gradually
infiltratedthewayinwhichphilosophersandscien tistsviewedtheworldandourquestto
understandit.Somecommentatorsclaimedthatitsh owsthatallhumaninvestigationsofthe
Universemustbelimited.Scienceisbasedonmathe matics;mathematicscannotdiscoverall
truths;thereforesciencecannotdiscoveralltruth s.OneofGödel'scontemporaries,Hermann
Weyl,describedGödel'sdiscoveryasexercising 15 'aconstantdrainontheenthusiasmand
determinationwithwhichIpursuedmyresearchwork '.Hebelievedthatthisunderlying
pessimism,sodifferentfromtherallyingcrywhich Hilberthadissuedtomathematiciansin1900,
wasshared'byothermathematicianswhoarenotind ifferenttowhattheirscientificendeavours
meaninthecontextofman'swholecaringandknowi ng,sufferingandcreativeexistenceinthe
world'.Inmorerecenttimes,onewriterontheolog yandsciencewithatraditionalCatholic
stance,StanleyJaki,believesthatGödel’stheorem preventsusfromgaininganunderstandingof
thecosmosasanecessarytruth,

'Clearlythennoscientificcosmology,whichofnec essitymustbehighlymathematical,canhave
itsproofofconsistencywithinitselfasfarasma thematicsgoes.Intheabsenceofsuch
consistency,allmathematicalmodels,alltheories ofelementaryparticles,includingthetheoryof
quarksandgluons...fallinherentlyshortofbeing thattheorywhichshowsinvirtueofitsapriori
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truththattheworldcanonlybewhatitisandnot hingelse.Thisistrueevenifthetheory
happenedtoaccountwithperfectaccuracyforallp henomenaofthephysicalworldknownata
particulartime.' 16
Itconstitutesafundamentalbarriertounderstandi ngoftheUniverse,for:

'ItseemsthatonthestrengthofGödel'stheoremt hattheultimatefoundationsofthebold
symbolicconstructionsofmathematicalphysicswill remainembeddedforeverinthatdeeperlevel
ofthinkingcharacterizedbothbythewisdomandby thehazinessofanalogiesandintuitions.For
thespeculativephysicistthisimpliesthattherea relimitstotheprecisionofcertainty,thateven in
thepurethinkingoftheoreticalphysicsthereisa boundary...Anintegralpartofthisboundaryis
thescientisthimself,asathinker..' 17

 Intriguingly,andjusttoshowtheimportantro lehumanpsychologyplaysinassessing
thesignificanceoflimits,otherscientists,like FreemanDyson,acknowledgethatGödel
placeslimitsonourabilitytodiscoverthetruths ofmathematicsandscience,but
interpretthisasensuringthatsciencewillgoon forever.Dysonseestheincompleteness
theoremasaninsurancepolicyagainstthescientif icenterprise,whichheadmiresso
much,comingtoaself-satisfiedend;for 18

'Gödelprovedthattheworldofpuremathematicsis inexhaustible;nofinitesetofaxiomsandrules
ofinferencecaneverencompassthewholeofmathem atics;givenanysetofaxioms,wecanfind
meaningfulmathematicalquestionswhichtheaxioms leaveunanswered.Ihopethatananalogous
situationexistsinthephysicalworld.Ifmyview ofthefutureiscorrect,itmeansthattheworldo f
physicsandastronomyisalsoinexhaustible;nomat terhowfarwegointothefuture,therewill
alwaysbenewthingshappening,newinformationcom ingin,newworldstoexplore,aconstantly
expandingdomainoflife,consciousness,andmemory .'

  Thus,weseeepitomisedtheoptimisticandt hepessimisticresponsestoGödel.The
‘optimists’,likeDyson,seehisresultasaguaran torofthenever-endingcharacterof
humaninvestigation.Theyseescientificresearcha spartofanessentialpartofthehuman
spiritwhich,ifitwerecompleted,wouldhaveadi sastrousde-motivatingeffectuponus–
justasitdiduponWeyl.The‘pessimists’,likeJa ki,Lucas 19,andPenrose 20,bycontrast,
interpretGödelasestablishingthatthehumanmind cannotknowall(maybenoteven
most)ofthesecretsofNature.
  Gödel'sownviewwasasunexpectedasever. Hethoughtthatintuition,bywhichwe
can'see'truthsofmathematicsandscience,wasa toolthatwouldonedaybevaluedjust
asformallyandreverentlyaslogicitself,

'Idon'tseeanyreasonwhyweshouldhavelesscon fidenceinthiskindofperception,i.e.,in
mathematicalintuition,thaninsenseperception,w hichinducesustobuildupphysicaltheories
andtoexpectthatfuturesenseperceptionswillag reewiththemand,moreover,tobelievethata
questionnotdecidablenowhasmeaningandmaybed ecidedinthefuture.' 21

   
However,itiseasytouseGödel’stheoreminways thatplayfastandloosewiththe
underlyingassumptionsofhistheorem.Manyspecula tiveapplicationscanbefound
spanningthefieldsofphilosophy,theology,andco mputingandtheyhavebeenexamined
inalucidcriticalfashionbythelateTorkelFran zén22.
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 Gödelwasnotmindedtodrawanystrongconclu sionsforphysicsfromhis
incompletenesstheorems.Hemadenoconnectionswit htheUncertaintyPrincipleof
quantummechanics,whichwasadvertisedasanother greatdeductionwhichlimitedour
abilitytoknow,andwhichwasdiscoveredbyHeisen bergjustafewyearsbeforeGödel
madehisdiscovery.Infact,Gödelwasratherhosti letoanyconsiderationofquantum
mechanicsatall.ThosewhoworkedatthesameInst ituteforAdvancedStudy(noone
reallyworked with Gödel)believedthatthiswasaresultofhisfrequ entdiscussionswith
Einsteinwho,inthewordsofJohnWheeler(whokne wthemboth)'brainwashedGödel'
intodisbelievingquantummechanicsandtheUncerta intyPrinciple.GregChaitin
records23 thisaccountofWheeler'sattempttodrawGödelou tonthequestionofwhether
thereisaconnectionbetweenGödelincompleteness andHeisenberg’sUncertainty
Principle,

'Well,onedayIwasattheInstituteforAdvanced Study,andIwenttoGödel'soffice,andthere
wasGödel.ItwaswinterandGödelhadanelectric heaterandhadhislegswrappedinablanket.
Isaid'ProfessorGödel,whatconnectiondoyousee betweenyourincompletenesstheoremand
Heisenberg'suncertaintyprinciple?'AndGödelgot angryandthrewmeoutofhisoffice!' 24


 Theclaimthatmathematicscontainsunprovable statements--physicsisbasedon
mathematics--thereforephysicswillnotbeablet odiscovereverythingthatistrue,has
beenaroundforalongtime.Moresophisticatedver sionsofithavebeenconstructed
whichexploitthepossibilityofuncomputablemathe maticaloperationsbeingrequiredto
makepredictionsaboutobservablequantities.From thisvantagepoint,StephenWolfram,
hasconjecturedthat 25

'Onemayspeculatethatundecidabilityiscommonin allbutthemosttrivialphysicaltheories.
Evensimplyformulatedproblemsintheoreticalphys icsmaybefoundtobeprovablyinsoluble.'

Indeed,itisknownthatundecidabilityistherule ratherthantheexceptionamongstthe
truthsofarithmetic 26.

DrawingtheLineBetweenCompletenessandIncomplet eness
  Withtheseworriesinmind,letuslookalit tlemorecloselyatwhatGödel'sresult
mighthavetosayaboutphysics.Thesituationisn otsoclear-cutassomecommentators
wouldoftenhaveusbelieve.Itisusefultolayout thepreciseassumptionsthatunderlie
Gödel'sdeductionofincompleteness.Gödel'stheore msaysthatifaformalsystemis

 1. finitelyspecified
 2. largeenoughtoincludearithmetic
 3. consistent
thenitis incomplete .
Condition1meansthattherearenotanuncomputa bleinfinityofaxioms.Wecouldnot,
forinstance,chooseoursystemtoconsistofallt hetruestatementsaboutarithmetic
becausethiscollectioncannotbefinitelylistedi ntherequiredsense.
 Condition2meansthattheformalsysteminclud esallthesymbolsandaxiomsusedin
arithmetic.Thesymbolsare0,'zero',S,'success orof',+, ×,and=.Hence,thenumber
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twoisthesuccessorofthesuccessorofzero,writ tenasthe termSS0,andtwoandplus
twoequalsfourisexpressedasSS0+SS0=SSSS0.
 Thestructureofarithmeticplaysacentralro leintheproofofGödel'stheorem.
Specialpropertiesofnumbers,liketheirfactorisa tionsandthefactthatanynumbercan
befactoredinonlyonewayastheproductofprim edivisors(eg.130=2 ×5×13),were
usedbyGödeltoestablishacrucialcorrespondence betweenstatementsofmathematics
andstatementsaboutmathematics.Thereby,linguist icparadoxeslikethatofthe'liar'
couldbeembedded,likeTrojanhorses,withinthes tructureofmathematicsitself.Only
logicalsystemswhicharerichenoughtoincludear ithmeticallowthisincestuous
encodingofstatementsaboutthemselvestobemade withintheirownlanguage.
  Again,itisinstructivetoseehowthesereq uirementsmightfailtobemet.Ifwe
pickedatheorythatconsistedofreferencesto(a ndrelationsbetween)onlythefirstten
numbers(0,1,2,3,4,5,6,7,8,9)witharithmeticmodul o10,thenCondition2failsandsuch
amini-arithmeticiscomplete.Arithmeticmakesst atementsaboutindividualnumbers,or
terms(likeSS0,above).Ifasystemdoesnothave individualtermslikethisbut,like
Euclideangeometry,onlymakesstatementsaboutac ontinuumofpoints,circles,and
lines,ingeneral,thenitcannotsatisfyCondition 2.Accordingly,asAlfredTarskifirst
showed,Euclideangeometryiscomplete.Thereisno thingmagicalabouttheflat,
Euclideannatureofthegeometryeither:thenon-Eu clideangeometriesoncurved
surfacesarealsocomplete.Completenesscanbelon g-windedthough.Astatementof
geometryinvolvingnsymbolscantakeuptoexp[exp [n]]computationalstepstohaveits
truthorfalsitydetermined 27.Forjustn=10,thisnumberamountstoastagger ing9.44 ×
109565;forcomparison,therehaveonlybeenabout10 27 nanosecondssincetheapparent
beginningoftheUniverse’sexpansionhistory.
 Similarly,ifwehadalogicaltheorydealing withnumbersthatonlyusedtheconcept
of'greaterthan',withoutreferringtoanyspecifi cnumbers,thenitwouldbecomplete:we
candeterminethetruthorfalsityofanystatement aboutrealnumbersinvolvingjustthe
'greaterthan'relationship.
 Anotherexampleofasystemthatissmallerth anarithmeticisarithmeticwithoutthe
multiplication, ×,operation.ThisiscalledPresburger 28 arithmetic(thefullarithmeticis
calledPeanoarithmeticafterthemathematicianwho firstexpresseditaxiomatically,in
1889).Atfirstthissoundsstrange,inoureveryda yencounterswithmultiplicationitis
nothingmorethanashorthandwayofdoingaddition (eg2+2+2+2+2+2=2 ×6),butin
thefulllogicalsystemofarithmetic,intheprese nceoflogicalquantifierslike'there
exists'or'forany',multiplicationpermitsconstr uctionswhicharenotmerelyequivalent
toasuccessionofadditions.
  Presburgerarithmeticiscomplete:allstat ementsabouttheadditionofnatural
numberscanbeprovedordisproved;alltruthscan bereachedfromtheaxioms 29.
Similarly,ifwecreateanothertruncatedversiono farithmetic,whichdoesnothave
addition,butretainsmultiplication,thisisalso complete.Itisonlywhenadditionand
multiplicationaresimultaneouslypresentthatinco mpletenessemerges.Extendingthe
systemfurtherbyaddingextraoperationslikeexpo nentiationtotherepertoireofbasic
operationsmakesnodifference.Incompletenessrema insbutnointrinsicallynewformof
itisfound.Arithmeticisthewatershedincomplex ity.
  TheuseofGödeltoplacelimitsonwhata mathematicaltheoryofphysics(or
anythingelse)canultimatelytellusseemsafairl ystraightforwardconsequence.Butas
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onelooksmorecarefullyintothequestion,things arenotquitesosimple.Suppose,for
themoment,thatalltheconditionsrequiredforGö del'stheoremtoholdareinplace.
Whatwouldincompletenesslooklikeinpractice?W earefamiliarwiththesituationof
havingaphysicaltheorywhichmakesaccuratepredi ctionsaboutawiderangeof
observedphenomena:wemightcallit'thestandard model'.Oneday,wemaybe
surprisedbyanobservationaboutwhichithasnoth ingtosay.Itcannotbe
accommodatedwithinitsframework.Examplesarepro videdbysomesocalled‘grand
unifiedtheories’inparticlephysics.Someearlye ditionsofthesetheorieshadthe
propertythatallneutrinosmusthavezeromass.No wifaneutrinoisobservedtohavea
non-zeromass(asexperimentshavenowconfirmed)t henweknowthatthenewsituation
cannotbeaccommodatedwithinouroriginaltheory. Whatdowedo?Wehave
encounteredacertainsortofincompleteness,butw erespondtoitbyextendingor
modifyingthetheorytoincludethenewpossibiliti es.Thus,inpractice,incompleteness
looksverymuchlikeinadequacyinatheory.Itwou ldbecomemorelikeGödel
incompletenessifwecouldfindnoextensionofthe theorythatcouldpredictthenew
observedfact.
  Aninterestingexampleofananalogousdilem maisprovidedbythehistoryof
mathematics.Duringthesixteenthcentury,mathemat iciansstartedtoexplorewhat
happenedwhentheyaddedtogetherinfinitelistsof numbers.Ifthequantitiesinthelist
getlargerthenthesumwill'diverge',thatis,as thenumberoftermsapproachesinfinity
sodoesthesum.Anexampleisthesum
1+2+3+4+5+........=infinity.

However,iftheindividualtermsgetsmallerandsm allersufficientlyrapidly 30 thenthe
sumofaninfinitenumberoftermscangetclosera ndclosertoafinitelimitingvalue
whichweshallcallthesumoftheseries;forexam ple
1+1/9+1/25+1/36+1/49+.....= pi2/8=1.2337005..
Thisleftmathematicianstoworryaboutamostpecu liartypeofunendingsum,
1-1+1-1+1-1+1-.....=?????

Ifyoudivideuptheseriesintopairsoftermsit lookslike(1-1)+(1-1)+....andsoon.
Thisisjust0+0+0+...=0andthesumiszero .Butthinkoftheseriesas1-{1-1+1-1
+1-...}anditlookslike1-{0}=1.Weseemto haveprovedthat0=1.
  Mathematicianshadavarietyofchoiceswhen facedwithambiguoussumslikethis.
Theycouldrejectinfinitiesinmathematicsanddea lonlywithfinitesumsofnumbers,or,
asCauchyshowedintheearlynineteenthcentury,t hesumofaserieslikethelastone
mustbedefinedbyspecifyingmorecloselywhatis meantbyitssum.Thelimitingvalue
ofthesummustbespecifiedtogetherwiththeproc edureusedtocalculateit.The
contradiction0=1arisesonlywhenoneomitstos pecifytheprocedureusedtoworkout
thesum.Inbothcasesitisdifferent,andsothe twoanswersarenotthesamebecause
theyariseindifferentaxiomaticsystems.Thus,he reweseeasimpleexampleofhowa
limitisside-steppedbyenlargingtheconceptwhic hseemstocreatelimitations.
 10
Divergentseriescanbedealtwithconsistentlyso longastheconceptofasumfora
seriesissuitablyextended 31.
 AnotherpossiblewayofevadingGödel’stheore misifthephysicalworldonlymakes
useofthedecidablepartofmathematics.Weknowt hatmathematicsisaninfiniteseaof
possiblestructures.Onlysomeofthosestructures andpatternsappeartofindexistence
andapplicationinthephysicalworld.Itmaybeth attheyareallfromthesubsetof
decidabletruths.Thingsmaybeevenbetterprotect edthanthat:perhapsonlycomputable
patternsareinstantiatedinphysicalreality?
 Itisalsopossiblethattheconditionsrequ iredtoproveGödelincompletenessdonot
applytophysicaltheories.Condition1requiresth eaxiomsofthetheorytobelistable.It
mightbethatthelawsofphysicsarenotlistable inthispredictablesense.Thiswouldbe
aradicaldeparturefromthesituationthatwethin kexists,wherethenumberof
fundamentallawsisbelievedtobenotjustlistabl e,butfinite(andverysmall).Butitis
alwayspossiblethatwearejustscratchingthesur faceofabottomlesstoweroflaws,
onlythetopofwhichhassignificanteffectsupon ourexperience.However,iftherewere
anunlistableinfinityofphysicallawsthenwewou ldfaceamoreformidableproblem
thanthatofincompleteness.
 Anequallyinterestingissueisthatoffinite ness.Itmaybethattheuniverseof
physicalpossibilitiesisfinite,althoughastronom icallylarge 32.However,nomatterhow
largethenumberofprimitivequantitiestowhicht helawsrefer,solongastheyarefinite,
theresultingsystemofinter-relationshipswillbe complete.Weshouldstressthat
althoughwehabituallyassumethatthereisaconti nuumofpointsofspaceandtimethis
isjustanassumptionthatisveryconvenientfort heuseofsimplemathematics.Thereis
nodeepreasontobelievethatspaceandtimearec ontinuous,ratherthandiscrete,attheir
mostfundamentalmicroscopiclevel;infact,there aresometheoriesofquantumgravity
thatassumethattheyarenot.Quantumtheoryhasi ntroduceddiscretenessandfiniteness
inanumberofplaceswhereoncewebelievedinac ontinuumofpossibilities.Curiously,
ifwegiveupthiscontinuity,sothatthereisnot necessarilyanotherpointinbetweenany
twosufficientlyclosepointsyoucaretochoose.S pace-timestructurebecomesinfinitely
morecomplicatedbecausecontinuousfunctionscanb edefinedbytheirvaluesonthe
rationals.Manymorethingscanhappen.Thisquesti onoffinitenessmightalsobebound
upwiththequestionofwhethertheuniverseisfin iteinvolumeandwhetherthenumber
ofelementaryparticles(orwhateverthemosteleme ntaryentitiesmightbe)ofNatureare
finiteorinfiniteinnumber.Thus,theremighton lyexistafinitenumberoftermsto
whichtheultimatelogicaltheoryofthephysicalw orldapplies.Hence,itwouldbe
complete.
 Afurtherpossibilitywithregardtotheappli cationofGödeltothelawsofphysicsis
thatCondition2oftheincompletenesstheoremmigh tnotbemet.Howcouldthisbe?
Althoughweseemtomakewideuseofarithmetic,an dmuchlargermathematical
structures,whenwecarryoutscientificinvestigat ionsofthelawsofNature,thisdoesnot
meanthattheinnerlogicofthephysicalUniverse needstoemploysuchalargestructure.
Itisundoubtedlyconvenientforustouselargema thematicalstructurestogetherwith
conceptslikeinfinitybutthismaybeananthropom orphism.Thedeepstructureofthe
Universemayberootedinamuchsimplerlogicthan thatoffullarithmetic,andhencebe
complete.Allthiswouldrequirewouldbefortheu nderlyingstructuretocontaineither
additionormultiplicationbutnotboth.Recalltha tallthesumsthatyouhaveeverdone
 11
haveusedmultiplicationsimplyasashorthandfor addition.Theywouldbepossiblein
Presburgerarithmeticaswell.Alternatively,abas icstructureofrealitythatmadeuseof
simplerelationshipsofageometricalvariety,orw hichderivedfrom'greaterthan'or'less
than'relationships,orsubtlecombinationsofthem allcouldalsoremaincomplete 33.The
factthatEinstein'stheoryofgeneralrelativityr eplacesmanyphysicalnotionslikeforce
andweightby geometricaldistortionsinthefabricofspace-timemaywellh oldsome
clueaboutwhatispossiblehere.
  Thereisasurprisinglyrichrangeofpossib ilitiesforabasicrepresentationof
mathematicalphysicsintermsofsystemswhichmigh tbedecidableorundecidable.
Tarskishowedthat,unlikePeano’sarithmeticofad ditionandmultiplicationofnatural
numbers,thefirst-ordertheoryofrealnumbersund eradditionandmultiplicationis
decidable.Thisisrathersurprisingandmaygives omehopethattheoriesofphysics
basedontherealsorcomplexnumberswillevadeun decidabilityingeneral.Tarskialso
wentontoshowthatmanymathematicalsystemsused inphysics,likelatticetheory,
projectivegeometry,andAbeliangrouptheoryared ecidable,whileothers,notablynon-
Abeliangrouptheoryarenot 34.Littleconsiderationseemstobehavegiventoth e
consequencesoftheseresultstothedevelopmentof ultimatetheoriesofphysics.
  Thereisanotherimportantaspectofthesit uationtobekeepinview.Evenifa
logicalsystemiscomplete,italwayscontainsunpr ovable'truths'.Thesearetheaxioms
whicharechosentodefinethesystem.Andafterth eyarechosen,allthelogicalsystem
candoisdeduceconclusionsfromthem.Insimplel ogicalsystems,likePeanoarithmetic,
theaxiomsseemreasonablyobviousbecausewearet hinkingbackwards--formalising
somethingthatwehavebeendoingintuitivelyfort housandsofyears.Whenwelookata
subjectlikephysics,thereareparallelsanddiffe rences.Theaxioms,orlaws,ofphysics
aretheprimetargetofphysicsresearch.Theyare bynomeansintuitivelyobvious,
becausetheygovernregimesthatcanliefaroutsid eofourexperience.Theoutcomesof
thoselawsareunpredictableincertaincircumstanc esbecausetheyinvolvesymmetry
breakings.Tryingtodeducethelawsfromtheoutco mesisnotsomethingthatwecan
everdouniquelyandcompletelybymeansofacomp uterprogramme.
 Thus,wedetectacompletelydifferentemphasi sinthestudyofformalsystemsandin
physicalscience.Inmathematicsandlogic,westar tbydefiningasystemofaxiomsand
lawsofdeduction.Then,wemighttrytoshowthat thesystemiscompleteorincomplete,
anddeduceasmanytheoremsaswecanfromtheaxio ms.Inscience,wearenotatliberty
topickanylogicalsystemoflawsthatwechoose. Wearetryingtofindthesystemof
lawsandaxioms(assumingthereisone--ormoret hanoneperhaps)thatwillgiveriseto
theoutcomesthatwesee.Aswestressedearlier,i tisalwayspossibletofindasystemof
lawswhichwillgiverisetoanysetofobservedou tcomes.Butitistheverysetof
unprovablestatementsthatthelogiciansandthema thematiciansignore--theaxiomsand
lawsofdeduction--thatthescientistismostint erestedindiscoveringratherthansimply
assuming.Theonlyhopeofproceedingasthelogici ansdo,wouldbeifforsomereason
thereisonlyonepossiblesetofaxiomsorlawsof physics.Sofar,thisdoesnotseem
likely35;evenifitwerewewouldnotbeabletoprove.
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3:LawsversusOutcomes

SymmetryBreaking
  Thestructureofmodernphysicspresentswithanim portantdichotomy.Itis
importanttoappreciatethisdivisioninordertou nderstandthesignificanceofGödel
incompletenessforphysics.Thefundamentallawsof Naturegoverningtheweak,strong,
electromagnetic,andgravitationalforces,areall localgaugetheoriesderivedfromthe
maintenanceofparticularmathematicalsymmetries. Astheseforcesbecomeunified,the
numberofsymmetriesinvolvedwillbereduceduntil ultimately(perhaps)thereisonly
oneover-archingsymmetrydictatingtheformthela wsofNature–aso-called‘Theoryof
Everything’,ofwhichMtheoryisthecurrentcandi date.ThusthelawsofNatureareina
realsense‘simple’andhighlysymmetrical.Theult imatesymmetrywhichunitesthem
mustpossessanumberofpropertiesinordertoacc ommodateallthelow-energy
manifestationsoftheseparateforces,thestatest hatlooklikeelementary‘particles’with
alltheirproperties,anditmustbebigenoughfor themalltofitin.
  ThereisnoreasonwhyGödelincompleteness shouldhamperthesearchforthisall-
encompassingsymmetrygoverningthe laws ofNature.Thissearchis,atroot,asearch
forapattern,perhapsagroupsymmetryorsomeoth ermathematicalprescription.Itneed
notbecomplicatedanditprobablyhasaparticular mathematicalpropertythatmakesit
specially(orevenuniquely)fittedforthispurpos e.
  Inreality,wenever‘see’lawsofNature: theyinhabitaPlatonicrealm.Rather,we
witnesstheir outcomes.Thisisanimportantdistinction,becausetheou tcomesarequite
differenttothelawsthatgovernthem.Theyareas ymmetricalandcomplicatedandneed
possessnoneofthesymmetriesdisplayedbythelaw s.Thisisfortunatebecause,wereit
notso,wecouldnotexist.Iftheoutcomesofthe lawsofNaturepossessedallthe
symmetriesofthelawsthennothingcouldhappenwh ichdidnotrespectthem.There
couldbenostructureslocatedatparticulartimes andplaces,nodirectionalasymmetries,
andnothinghappeningatanyonemoment.Allwould beunchangingandempty.
  Thisdichotomybetweenlawsandoutcomesis whatIwouldcall‘thesecretofthe
universe’.ItiswhatenablesaUniversetobegove rnedbyaverysmallnumber(perhaps
justone)ofsimpleandsymmetricallaws,yetgive risetoanunlimitednumberofhighly
complex,asymmetricalstates–ofwhichweareone variety36.
   Thus,whereasthereisnoreasontoworry aboutGödelincompletenessfrustrating
thesearchforthemathematicaldescriptionsofthe lawsofNature,wemightwellexpect
Gödelincompletenesstoariseinourattemptstode scribesomeofthecomplicated
sequencesofeventsthatariseasoutcomestothel awsofNature.

UndecidableOutcomes
  Specificexampleshavebeengivenofphysical problemsinwhichtheoutcomesof
theirunderlyinglawsareundecidable.Asonemight expectfromwhathasjustbeensaid,
theydonotinvolveaninabilitytodeterminesomet hingfundamentalaboutthenatureof
thelawsofphysics,oreventhemostelementarypa rticlesofmatter.Rather,theyinvolve
aninabilitytoperformsomespecificmathematical calculation,whichinhibitsourability
todeterminethecourseofeventsinawell-defined physicalproblem.However,although
theproblemmaybemathematicallywelldefined,thi sdoesnotmeanthatitispossibleto
createthepreciseconditionsrequiredfortheunde cidabilitytoexist.
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 Aninterestingseriesofexamplesofthissor thavebeencreatedbytheBrazilian
mathematicians,FranciscoDoriaandN.daCosta 37.Respondingtoachallengeproblem
posedbytheRussianmathematicianVladimirArnold, theyinvestigatedwhetheritwas
possibletohaveageneralmathematicalcriterionw hichwoulddecidewhetherornotany
equilibriumwasstable.Astableequilibriumisas ituationlikeaballsittinginthebottom
ofabasin–displaceitslightlyanditreturnsto thebottom;anunstableequilibriumislike
aneedlebalancedvertically–displaceitslightly anditmovesawayfromthevertical 38.
Whentheequilibriumisofasimplenaturethispro blemisveryelementary;first-year
sciencestudentslearnaboutit.But,whentheequ ilibriumexistsinthefaceofmore
complicatedcouplingsbetweenthedifferentcompeti nginfluences,theproblemsoon
becomesmorecomplicatedthanthesituationstudied bysciencestudents 39.Solongas
thereareonlyafewcompetinginfluencesthestabi lityoftheequilibriumcanstillbe
decidedbyinspectingtheequationsthatgovernthe situation.Arnold’schallengewasto
discoveranalgorithmwhichtellsusifthiscanal waysbedone,nomatterhowmany
competinginfluencesthereare,andnomatterhowc omplextheirinter-relationships.By
‘discover’hemeantfindaformulaintowhichyouc anfeedtheequationswhichgovern
theequilibriumalongwithyourdefinitionofstabi lity,andoutofwhichwillpopthe
answer‘stable’orunstable’.
 DaCostaandDoriadiscoveredthattherecane xistnosuchalgorithm.Thereexist
equilibriacharacterisedbyspecialsolutionsofma thematicalequationswhosestabilityis
undecidable.Inorderforthisundecidabilitytoha veanimpactonproblemsofreal
interestinmathematicalphysicstheequilibriahav etoinvolvetheinterplayofverylarge
numbersofdifferentforces.Whilesuchequilibria cannotberuledout,theyhavenot
arisenyetinrealphysicalproblems.DaCostaand Doriawentontoidentifysimilar
problemswheretheanswertoasimplequestion,lik e‘willtheorbitofaparticlebecome
chaotic’,isGödelundecidable.Theycanbeviewed asphysicallygroundedexamplesof
thetheoremsofRice 40 andRichardson 41 whichshow,inaprecisesense,thatonlytrivial
propertiesofcomputerprogramsarealgorithmically decidable.Othershavealsotriedto
identifyformallyundecidableproblems.Gerochand Hartlehavediscussedproblemsin
quantumgravitythatpredictthevaluesofpotentia llyobservablequantitiesasasumof
termswhoselistingisknowntobeaTuringuncompu tableoperation 42.Pour-Eland
Richards43 showedthatverysimpledifferentialequations,wh icharewidelyusedin
physics,likethewaveequation,canhaveuncomputa bleoutcomeswhentheinitialdatais
notverysmooth.Thislackofsmoothnessgivesrise towhatmathematicianscallan‘ill-
posed’problem.Itisthisfeaturethatgivesrise totheuncomputability.However,Traub
andWozniakowski 44 haveshownthateveryill-posedproblemiswell-po sedonthe
averageunderrathergeneralconditions.Wolfram 45 givesexamplesofintractabilityan
undecidabilityarisingincondensedmatterphysics andevenbelievesthatundecidability
istypicalinphysicaltheories.
   ThestudyofEinstein’s’generaltheoryof relativityalsoproducesanundecidable
problemifthemathematicalquantitiesinvolvedare unrestricted 46.Whenonefindsan
exactsolutionofEinstein’sequationsitisalways necessarytodiscoverwhetheritisjust
another,knownsolutionthatiswritteninadiffe rentform.Usually,onecaninvestigate
thisbyhand,butforcomplicatedsolutionscompute rscanhelp.Forthispurposewe
requirecomputersprogrammedtocarryoutalgebraic manipulations.Theycancheck
variousquantitiestodiscoverifagivensolution isequivalenttoonealreadysittinginits
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memorybankofknownsolutions.Inpracticalcases encounteredsofar,thischecking
procedurecomesupwithadefiniteresultafteras mallnumberofsteps.But,ingeneral,
thecomparisonisanundecidableprocessequivalent toanotherfamousundecidable
problemofpuremathematics,‘thewordproblem’of grouptheory,firstposedbyMax
Dehn47 in1911andshowntobeundecidablein1955 48.
  Thetentativeconclusionsweshoulddrawfr omthisdiscussionisthat,justbecause
physicsmakesuseofmathematics,itisbynomeans requiredthatGödelplacesanylimit
upontheoverallscopeofphysicstounderstandthe lawsofNature 49.Themathematics
thatNaturemakesuseofmaybesmaller,andsimple rthanisneededforundecidabilityto
rearitshead.

4:GödelandSpace-timeStructure

Space-timeinaSpin   
   AlthoughKurtGödelisfamousamongstlogiciansfor hisincompletenesstheorems,
heisalsofamousamongstcosmologists,butforaq uitedifferentreason.In1949,
inspiredbyhismanyconversationswithEinsteinab outthenatureoftimeandMach’s
principle,Gödelfoundanewandcompletelyunsusp ectedtypeofsolutiontoEinstein’s
equationsofgeneralrelativity 50.Gödel’ssolutionwasauniversethatrotatesand permits
timetraveltooccurintothepast.
 Thiswasthefirsttimethatthepossibilityof timetravel(intothepast)hademergedin
thecontextofatheoryofphysics.Theideaofti metravelfirstappearedinH.G.Wells’
famous1895story, TheTimeMachine ,butitwaswidelysuspectedthatbackwards 51 time
travelintothepastwouldinsomewaybeinconfli ctwiththelawsofNature.Gödel’s
universeshowedthatwasnotnecessarilyso:itcou ldariseasaconsequenceofatheory
obeyingalltheconservationlawsofphysics.Time travelintothefutureisarelatively
uncontroversialmatterandisjustanotherwayofd escribingtheobservedeffectsoftime
dilationinspecialrelativity.
   Gödel’suniverseisnottheonethatwel ivein.Foronething,Gödel’suniverseis
notexpanding;foranother,thereisnoevidenceth atourUniverseisrotating–andifitis,
thenitsrateofspinmustbeatleast10 5 timesslowerthanitsexpansionratebecauseof
theisotropyofthemicrowavebackgroundradiation 52.Nonetheless,Gödel’suniversewas
akeydiscoveryinthestudyofspace-timeandgrav itation.Iftimetravelwaspossible,
perhapsitcouldariseinotheruniverseswhichare viabledescriptionsofourown?
   ButtheinfluenceofGödel'ssolutionon thedevelopmentofthesubjectwasmore
indirect.Itrevealedforthefirsttimethesubtle tyofthe global structureofspace-time,
particularlywhenrotationispresent.Previously, thecosmologicalmodelsthatwere
studiedtendedtobespatiallyhomogeneouswithsim pletopologiesandhighdegreesof
globalsymmetrythatruledoutordisguisedglobal structure.Later,in1965,Roger
Penrosewouldapplypowerfulnewmethodsofdiffere ntialtopologytothisproblemand
provethefirstsingularitytheoremsincosmology. Thepossibilityofclosedtime-like
curvesinspace-timethatGödelhadrevealedmeant thatspecificvetoshadtobeincluded
insomeofthesetheoremstoexcludetheirpresence ,otherwisepastincompletenessof
geodesicscouldbeavoidedbyperiodicallyreappear inginthefuture.ItwasGödel’s
universethatfirstshowedhowunusualspace-times couldbewhilststillremaining
physicallyandfactuallyconsistent.Priortoitsd iscovery,physicistsandphilosophersof
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scienceregardedtimetraveltothepastasthenec essaryharbingeroffactual
contradictions.ButGödel'ssolutionshowsthatthe reexistself-consistenthistorieswhich
areperiodicinspaceandtime 53.Itcontinuestobestudiedasakeyexampleofan
intrinsicallygeneral-relativisticeffectanditsf ullstabilitypropertieshavebeenelucidated
onlyrecently 54.Someofitsunusualpropertiesareexplainedint heaccompanyingarticle
byWolfgangRindler.
    Inrecentyears,Gödel’sstudyofspace -timestructureandhisworkonthe
incompletenessoflogicalsystemshavebeenpulled togetherinafascinatingway.Ithas
beenshownthatthereisalinkbetweentheglobal structureofaspace-timeandthesorts
ofcomputationsthatcanbecompletedwithinthem. Thisunexpectedlinkarisesfroma
strangeoldproblemwithanewname:isitpossible todoaninfinitenumberofthingsina
finiteamountoftime?Andthenewnameforsucha remarkableoldactivityisa
‘supertask’.

Supertasks
    Theancients,beginningwithZeno,werechallenged bytheparadoxesofinfinities
onmanyfronts 55.Butwhataboutphilosopherstoday?Whatsortofp roblemsdothey
worryabout?Thereareliveissuesontheinterface betweenscienceandphilosophythat
areconcernedwithwhetheritispossibletobuild an"infinitymachine"thatcanperform
aninfinitenumberoftasksinafinitetime.Ofco urse,thissimplequestionneedssome
clarification:whatexactlyismeantby"possible", "tasks","number","infinite","finite"
and,bynomeansleast,by"time".Classicalphysic sappearstoimposefewphysical
limitsonthefunctioningofinfinitymachinesbeca usethereisnolimittothespeedat
whichsignalscantravelorswitchescanmove.Newt on'slawsallowaninfinitymachine.
ThiscanbeseenbyexploitingadiscoveryaboutNe wtoniandynamicsmadein1971by
theUSmathematicianJeffXia 56.Firsttakefourparticlesofequalmassandarran gethem
intwobinarypairsorbitingwithequalbutopposit ely-directedspinsintwoseparate
parallelplanes,sotheoverallangularmomentumis zero.Now,introduceafifthmuch
lighterparticlethatoscillatesbackandforthalo ngaperpendicularlinejoiningthemass
centresofthetwobinarypairs.Xiashowedthatsu chasystemoffiveparticleswill
expandtoinfinitesizeina finitetime!
Howdoesthishappen?Thelittleoscillatingpartic lerunsbackandforthbetween
thebinarypairs,eachtimecreatinganunstableme etingofthreebodies.Thelighter
particlethengetskickedbackandthebinarypair recoilsoutwardstoconserve
momentum.Thelighterparticlethentravelsacross totheotherbinaryandthesame
ménageàtrois isrepeatedthere.Thiscontinueswithoutend,acc eleratingthebinarypairs
apartsostronglythattheybecomeinfinitelysepar atedwhilethelighterparticle
undergoesaninfinitenumberofoscillationsinthe finitetimebeforethesystemachieves
infinitesize.
Unfortunately(orperhapsfortunately),thisbehavi ourisnotpossiblewhen
relativityistakenintoaccount.Noinformationca nbetransmittedfasterthanthespeedof
lightandgravitationalforcescannotbecomearbitr arilystronginEinstein'stheoryof
motionandgravitation;norcanmassesgetarbitrar ilyclosetoeachotherandrecoil-
thereisalimittohowcloseseparationcanget,a fterwhichan"eventhorizon"surface
enclosestheparticlestoformablackhole 57.Theirfateisthensealed–nosuchinfinity
machinecouldsendinformationtotheoutsideworld .
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Butthisdoesnotmeanthatallrelativisticinfini tymachinesareforbidden 58.
Indeed,theEinsteinianrelativityoftimethatis arequirementofallobservers,nomatter
whattheirmotion,opensupsomeinterestingnewpo ssibilitiesforcompletinginfinite
tasksinfinitetime.Coulditbethatonemovingo bservercouldseeaninfinitenumberof
computationsoccurringeventhoughonlyafinitenu mberhadoccurredaccordingto
someoneelse?Misner 59 andBarrowandTipler 60 haveshownthatthereareexamplesof
entireuniversesinwhichaninfinitenumberofosc illationsoccuronapproachto
singularitiesinspace-timebutitisnecessaryfor theentireuniversetohitthesingularity;
ineffect,thewholeuniverseistheinfinitymachi ne.Itstillremainstoaskwhetheralocal
infinitymachinecouldexistandsendussignalsas aresultofcompletinganinfinite
numberofoperationsinafiniteamountofourtime .
Thefamousmotivatingexampleofthissortoftempo ralrelativityistheso-called
'twinparadox'.Twoidenticaltwinsaregivendiffe rentfuturecareers.Tweedlehomestays
athomewhileTweedleawaygoesawayonaspaceflig htataspeedapproachingthatof
light.Whentheyareeventuallyreunited,relativit ypredictsthatTweedleawaywillfind
Tweedlehometobemucholder.Thetwinshaveexperi enceddifferentcareersinspace
andtimebecauseoftheaccelerationanddecelerati onthatTweedleawayunderwenton
hisroundtrip.
Socanweeversendacomputeronajourneysoextr emethatitcouldaccomplish
aninfinitenumberofoperationsbythetimeitret urnstoitsstay-at-homeowner?Itamar
Pitowskyfirstargued 61 thatifTweedleawaycouldacceleratehisspaceship sufficiently
strongly,thenhecouldrecordafiniteamountoft heuniverse'shistoryonhisownclock
whilehistwinrecordsaninfiniteamountoftimeo nhisclock.Doesthis,hewondered,
permittheexistenceofa"Platonistcomputer"-on ethatcouldcarryoutaninfinite
numberofoperationsalongsometrajectorythrough spaceandtimeandprintoutanswers
thatwecouldseebackhome.Alas,thereisaprobl em-forthereceivertostayincontact
withthecomputer,healsohastoacceleratedramat icallytomaintaintheflowof
information.Eventuallythegravitationalforcesbe comestupendousandheistornapart.
Notwithstandingtheseproblemsacheck-listofpro pertieshasbeencompiledfor
universesthatcanallowaninfinitenumberoftask stobecompletedinfinitetime,or
"supertasks"astheyhavebecomeknown.Thesearec alledMalament-Hogarth(MH)
universesafterDavidMalament,aUniversityofChi cagophilosopher,andMark
Hogarth62,aformerCambridgeUniversityresearchstudent,w ho,in1992,investigated
theconditionsunderwhichtheyweretheoretically possible.Supertasks 63 openthe
fascinatingprospectoffindingorcreatingconditi onsunderwhichaninfinitenumberof
thingscanbeseentobeaccomplishedinafinitet ime.Thishasallsortsofconsequences
forcomputerscienceandmathematicsbecauseitwou ldremovethedistinctionbetween
computableanduncomputableoperations.Itissomet hingofasurprisethatMHuniverses
(seeFigure1)areself-consistentmathematicalpos sibilitiesbut,unfortunately,have
propertiesthatsuggesttheyarenotrealisticphys icalpossibilitiesunlessweembrace
somedisturbingnotions,suchastheprospectofth ingshappeningwithoutcauses,and
travelbackwardsthroughtime.
Themostseriousby-productofbeingallowedtobui ldaninfinitymachineis
rathermorealarmingthough.Observerswhostrayin tobadpartsoftheseuniverseswill
findthatbeingabletoperformaninfinitenumber ofcomputationsinafinitetimealso
meansthatanyamountofradiation,nomatterhows mall,getscompressedtozero
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wavelengthandamplifiedtoinfinitefrequencyand energyalongtheinfinite
computationaltrail.Thusanyattempttotransmitt heoutputfromaninfinitenumberof
computationswillzapthereceiveranddestroyhim. Sofar,thesedireproblemsseemto
ruleoutthepracticalityofengineeringarelativi sticinfinitymachineinsuchawaythat
wecouldsafelyreceiveandstoretheinformation. Buttheuniversesinwhichinfinite
tasksarepossibleinfinitetimeincludesatypeo fspacethatplaysakeyroleinthe
structureoftheverysuperstringtheoriesthatloo kedsoappealinglyfinite.
   Ifyoucouldseetheoutputfromaninfini tymachinethatcompletessupertasksthen
youhavethepossibilityofdecidingundecidablepr oblemsbydirectsearchthroughthe
infinitecatalogueofpossibilities:Turing’suncom putableoperationsseemtobecome
completeableinafiniteamountofourwristwatcht ime.Isthisreallypossible?
Remarkably,Hogarthshowed 64 insomespace-timesitwaspossibletodecideGöde l
undecidablequestionsbydirectsearchbysendinga computeralongacertainspace-time
path, γ,sothatitcouldprintoutandsendyoutheanswe rtothequestion.Now,createa
hierarchyofnspace-timestructuresofascendingc omplexitiessuchthatthen th inthe
sequenceallowsasupertasktobecompletedwhichc ancheckthetruthofany
arithmeticalassertionmadeinthen th butnotthe(n+1) stquantifierarithmeticinKleene’s
logicalhierarchy,bywhichlogicianscalibratethe complexityofpossiblelogical
expressions.Thereisaneatone-to-onecorresponde ncebetweenthelistofspace-times
andthecomplexityofthelogicalstatementsthatt heycandecide.Subsequently,Etesiand
Nemeti65 showedthatsomerelationsonnaturalnumberswhic hareneitheruniversalnor
co-universal,canbedecidedinKerrspace-times.We lch66 recentlygeneralisedthese
resultstoshowthatthecomputationalcapabilityo fspace-timescouldberaisedbeyond
thatofarithmetictohyper-arithmetics,andshowed thatthereisupperboundonthe
computationalabilityinanyspace-timewhichisa universalconstantdefinedbythe
space-time.
  Thus,inconclusion,wefindthatGödel’s ideasarestillprovokingnewresearch
programmesandunsuspectedpropertiesoftheworlds oflogicalandphysicalreality.His
incompletenesstheoremsshouldnotbeadrainonou renthusiasmtoseekoutandcodify
thelawsofNature:thereisnoreasonforthemto limitthatsearchforthefundamental
symmetriesofNatureinanysignificantway.But,b ycontrast,insituationsofsufficient
complexity,wedoexpecttofindthatGödelincompl etenessplaceslimitsonourabilityto
usethoselawstopredictthefuture,carryoutspe cificcomputations,orbuildalgorithms:
incompletenessbesetstheoutcomesofverysimplel awsofNature.Finally,ifwestudy
universes,thenGödel’simpactwillalwaysbefelt aswetrytoreconcilethesimplelocal
geometryofspaceandtimewiththeextraordinaryp ossibilitiesthatitsexoticglobal
structureallows.Space-timestructuredefineswhat canbeprovedinauniverse.
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Figure1 :Thespace-timeofanMHspace-timewithtimemapp edverticallyandspace
(compressedtoonedimension)horizontally.Weare locatedatPandourcausalpast,
I-(P)consistsofalltheeventsthatcaninfluenceu s.Ifthereisapathinourpast, γ,such
thatthereisaninfiniteamountofitsowntimepa ssingonapproachtothespace-time
pointwhereitintersectsourpastlinecone,thee dgeofI -(P).
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